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NOTATION 
P o i n t s  i n  t h e  5 p l a n e  cor responding  to 
t h e  end of f o i l ,  and t h e  end p o i n t s  of 
upper and lower c a v i t y  r e s p e c t i v e l y  
Chord l eng th  of f o i l  
L i f t  c o e f f i c i e n t  def ined  by [181 
Drag c o e f f i c i e n t  def ined  by e161 
Dis tance  between l ead ing  edges of  
a d j a c e n t  f o i l s  i n  t h e  cascade  
S t r e n g t h  of  a s i n g u l a r i t y  a t  t h e  l e a d k g  
edge 
Cavi ty  l e n g t h  
P r e s s u r e  a t  x = --m and on t h e  c a v i t y  
r e s p e c t i v e l y  
ii , v 
T T  c)
W = C p + i $  
x,y components of p e r t u r b a t i o n  veloz:r,qT 
r e  sp ec t i v  e l y  
Speed a t  x = -a 
Comp 1 ex p o t  e n t i a  1 
z = x + y i  Coordinate  i n  t h e  p h y s i c a l  p l a n e  
Y Stagge r  a n g l e  def ined  i n  F i g u r e  1 
,e ,e1,e2,e ,e Flow ang le  def ined  i n  e201 and [22] I I:. a b  
c 
6' Densi ty  of water  
C a v i t a t i o n  number de f ined  by [: 11 
Super s c r i p t  
(4 
Constan ts  d e f i n e d  i n  C81 
Coordinates  i n  the t ransformed p l a n e  
Quan t i ty  c o r r e c t  up t o  nth o r d e r  
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c 
INTRODUCTION 
When t h e  hub t o  d iameter  r a t i o  of a x i a l  f low pumps i s  
l a r g e ,  t h e  hydrodynamics of such machines may be approximated 
by t h a t  of two-dimensional cascades .  The r e c e n t  development 
of  h i g h  r o t a t i o n a l  speed r o c k e t  pumps n e c e s s i t a t e s  the s tudy  
of s u p e r c a v i t a t i n g  cascades .  
Both l i n e a r  [Acos ta  (1960), Cohen and Su the r l and  (1958>] 
and n o n l i n e a r  [Be tz  and Petersohn (1931)l t h e o r i e s  f o r  f l a t  
p l a t e  cascades  wi th  i n f i n i t e l y  long c a v i t i e s  have been de r ived  
For e i t h e r  l a r g e  s o l i d i t i e s ,  l a r g e  s t a g g e r  a n g l e s ,  or l a r g e  
a n g l e s  of a t t a c k ,  a n  impor tan t  d i sc repancy  i s  known t o  e x i s t  
between t h e  l i n e a r  and t h e  non l inea r  t h e o r i e s .  
For cambered f o i l s ,  t h e  exact  n o n l i n e a r  t heo ry  i s  q u i t e  
complicated to d e r i v e  s i n c e  we need t h e  s o l u t i o n  of a d i f f i c u l t  
n o n l i n e a r  i n t e g r a l  equa t ion .  The cor responding  c a s e  of f l a t  
p l a t e s  i s  s i m p l e r  and has  been de r ived  [Sedov (1965), Zaccbaen 
(1964)l. A l i n e a r i z e d  cascade  theo ry  f o r  c i r c u l a r  a r c  f o i l s  
w i t h  i n f i n i t e  c a v i t i e s  has  been g i v e n  by Acosta (1960). 
Recent ly ,  a l i n e a r  cascade t h e o r y  f o r  c o n s t a n t  pre6sur.e 
camber f o i l s  w i t h  f i n i t e  c a v i t i e s  has  been solved ( Y i m  1967)- 
One o f  t h e  advantages  f o r  t h e  cons t an t  p r e s s u r e  camber f o i l 3  
l i e s  not only  i n  s i m p l i f i c a t i o n s  in t roduced  i n  a p p l i c a t i o n  o f  
t h e  l i n e a r  t heo ry  b u t  a l s o  i n  corresponding s i m p l i c a t i o n s  l rL 
t h e  a p p r o p r i a t e  n o n l i n e a r  theory f o r  t h e  cascade  c h a r a c t e r i s t l c a  
IfL tl-,is r e p o r t ,  t h e  s o l u t i o n  i s  found for the n o n l i n e a r  problev  
HY DRONAUTI C S I nc o rp  or a t ed 
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. 
for s u p e r c a v i t a t i n g ,  cor is tant  p r e s s u r e  cambered cascades  w i t h  
f i n i t e  c a v i t i e s ;  t h e  second o r d e r  s o l u t i o n  f o r  t h e  same problem 
i s  found t o  be  s imple,  s o  t h a t  a second o r d e r  c o r r e c t i o n  can b e  
made on ly  from t h e  use  of r e s u l t s  ob ta ined  i n  t h e  f i r s t  o r d e r  
t h e o r y .  For  t h e  mathemat ica l  model of  t h e  c o l l a p s e  of t h e  cav-  
i t y ,  t h e  double  s p i r a l  v o r t e x  model ( T u l i n  1964) i s  adopted a s  
i n  t h e  c a s e  of t h e  l i n e a r  t heo ry  ( Y i m  1967) .  
NONLINEAR PROBLEM 
We c o n s i d e r  a p o t e n t i a l  f l o w  through a two-dimensional c a s -  
cade i n  t h e  z = x + i y  p l a n e  a s  shown i n  F i g u r e  l a  w i th  t h e  
s t a g g e r  a n g l e  y and t h e  s o l i d i t y  c/d.  
OA4A which I s  unknown a p r i o r i .  
or" t h e  speed q i s  c o n s t a n t ,  f r o m  t h e  B e r n o u l l i  e q u a t i o n .  T h e  
l e n g t h  of  A 4 A o i s  sma l l  and t h e  p r e s s u r e  t h e r e  changes c o n t i n u -  
o u s l y  from t h a t  of OA4 t o  t h a t  of t h e  c a v i t y  where t h e  c a v i t a -  
t i o n  number o i s  de f ined  a s  
A f o i l  i s  r e p r e s e n t e d  by 
On O A 4  t h e  p r e s s u r e  i s  uniforrn 
0 
C 
P - P  
--cQ 
o =  
P : t h e  p r e s s u r e  a t  x = --m 
-m 
U : t h e  speed a t  x = --OD 
P : t ,he p r e s s u r e  a t  t h e  c a v i t y .  
C 
[: 13 
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c 
Fron t h e  B e r n o u l l i  equa t ion ,  on t h e  c a v i t y  
U2 
o r  
If w e  u s e  t h e  double  s p i r a l  v o r t e x  model ( T u l i n  1964), t h e  p r e s -  
s u r e  on t h e  wake i s  c o n s t a n t ,  o r  t h e  speed i s  equa l  to a con- 
s t a n t  qa ( t h e  speed a t  x = C O )  which w i l l  b e  determined from the 
c o n d i t i o n s ,  a t  x = --co and of mass c o n t i n u i t y  between t h e  i n l e t  
and t h e  o u t l e t  o f  ca scades .  
We c o n s i d e r  t h e  complex p o t e n t i a l  
which has  a dimension of l e n g t h .  
Then t h e  complex v e l o c i t y  i s  
- i 0  W d -  U u i v  _ -  q e  _ - - - -  - - - -   W 
U dz  u u u  e .li3 
The cascade  i n  t h e  W/U p l a n e  corresponding to t h a t  i n  t h e  p k y s i -  
e a 1  (z) p l a n e  i s  shown i n  F igu re  lb, w i t h  t h e  same n o t a t i o n s  f o r  
p o i n t s  cor responding  to t h o s e  i n  t h e  p h y s i c a l  p l a n e .  
HYDl7EiONAUTIC 3, Inco rpora t zd  
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The s t a g g e r  a n g l e  of t h e  cascade i n  t h e  W/U p l a n e  i s  ex- 
a c t l y  t h e  same a s  t h a t  i n  t h e  z p l a n e  f o r  t h e  fo l lowing  r e a s o n s .  
I n  F i g u r e  l a  t h e  flow a t  x = - a i s  uniform.  
OD, 
Thus i f  $ (D,) = 0, t h e n  
Suppose OID, and 
i n  F i g u r e  lb a r e  s t r e a m l i n e s  from t h e  l e a d i n g  edges of  f o i l s ,  
$ ( D , ' )  = Ud C O S  y 
If 
cp(DJ = cP(EJ = 0 
where t h e  x c o o r d i n a t e s  of D, and E, a r e  t h e  same. Then 
C p ( D m l )  = U. CDal = Ud s i n  y 
Because of' t h e  p e r i o d i c i t y  o f  t h e  flow 
CP(0) - cp(D,) = CP(0 ' )  - ' P ( D , ' )  
Theref  o r e  
cp(0) = C p ( 0 ' )  - Ud s i n  y 
This  p r o v e s  t h a t  t h e  s t a g g e r  angle  Y 0 0' = y. 
I EI'Y DfiO i\l A ULIi_Z. CS , 1 n c o r p  o r a  t e d 
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Following t h e  s t r e m l i n e  thenry  by Kirchof f  and Helmholtz 
we c o n s i d e r  
which i s  an  a n a l y t i c  f u n c t i o n  of W/U i n  t h e  W/U p l a n e  except  a t  
t h e  s i n g u l a r i t i e s .  From now on w e  u se  f o r  convenience W, CP, $ ,  
Q, q ,  u and v f o r  t h e  same p h y s i c a l  q u a n t i t i e s  d iv ided  by U .  
For  t h e  boundary c o n d i t i o n s  a l l  t h e  v a l u e s  of  l og  q a r e  g iven  on 
$ = 10,  cp > 0 and cp = 1a corresponding t o  t h o s e  i n  t h e  p h y s i c a l  
( 2 )  p l a n e .  
To  s o l v e  t h i s  problem, w e  u s e  a copformal t r a n s f o r m a t i o n  
C 73 
which i s  i n  g e n e r a l  used f o r  cascade theo ry  [Acos ta  (1960), 
Cohen and Su the r l and  (1958), Y i m  (1967)l. The t r a n s f o r m a t i o n  C61 
t r a n s f o r m s  a l l  t h e  fo i l - cav i ty -wake  i n  t h e  W p l a n e  o n t o  t h e  r e a l  
5 = a  e i("2-y) a s  shown i n  F igu re  IC with t h e  same nota t ion .  a s  
i n  t h e  W p l a n e  f o r  t h e  corresponding p o i n t s .  The boundary con- 
d i t i o n s  i n  t h e  6 p l a n e  a r e  a s  fo l lows  
a x i s  o f  C p l a n e  with branch p o i n t s  a t  5 = e i(7T/2-y) and 
HYDRONAUTICS, Inco rpora t ed  
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1 1  - 1 2  
a - a4 
l o g  q = 1 2  + (5  + a o )  
0 
on -a4 > 5 > -a 
0 
l o g q = X 2 = 1 - l o g ( l + a )  2 
on -a > 5 > -a3 
0 
and on 0 < 5 < al 
and on -a3 > 5 
c 81 
Thus, all t h e  real p a r t  of an  a n a l y t i c  f u n c t i o n  Q i s  g i v e n  
on t h e  Cp a x i s  i n  t h e  W p l ane ,  and we have 
I HYDRONAUTI C S, I n c  orp ora  t ed 
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0) 
Q - Xs + i e w  - li Re(& - 1,) dt 
t - 5  a i  
- W  log 
a4 + 5 
a - a4 
0 0 
1 
where 
8 i s  t h e  e x i t  f low ang le  a t  x = w , and 
k i s  an  a r b i t r a r y  cons t an t  r e l a t e d  to t h e  l e a d i n g  
W 
edge c o n d i t i o n  
we cons fde r  i ( d 2 - y )  Befo re  app ly ing  t h e  c o n d i t i o n  a t  5 = e 
t h e  c o n t i n u i t y  c o n d i t i o n  between t h e  i n l e t  and t h e  o u t l e t  of tr:e 
c a s c a d e .  I f  we c o n s i d e r  t h e  un i fo rmi ty  of w a long  z = & 00 +T" e 
i n  t h e  p h y s i c a l  p l a n e  i t  can be e a s i l y  shown from t h e  mass c o n t i r -  
u i t y  
i ( 7 r / 2 - v )  
or 1 - 
' ~ 0  cos  ea - s i n  o w  t a n  y C io3  
HYDKO?!dAU*TICS, I n c o r p o r a t  cd 
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Now t o  apply  t h e  c o n d i t i o n  a t  5 = e i(T/2-y)  i n  C81, we s u b s t i -  
t u t e  5 = e i (T/2-y)  i n  t h e  r i g h t  hand s i d e  of [gl, p u t  
= o  Q e  ( ilg - 4) c 113 
and we compare t h e  r e a l  and t h e  imaginary p a r t  r e s p e c t i v e l y .  
Thus w e  o b t a i n  two s imultaneous equa t ions ,  say  [ 11-a] and [ 11-b]. 
I f  we app ly  t h e  c o n d i t i o n  of un i fo rmi ty  a t  x = OD or 15 I = a, 
c 
Thus w e  have f o u r  s imul taneous  equa t ions  f o r  0 ,  qw, 8 and a3 
wi th  a g i v e n  se t  of y, a and al which a r e  r e l a t e d  to a s o l i d i t y  
and t h e  l e n g t h  of c a v i t y .  a4 i s  a r b i t r a r y .  
0 
For  a r e l a t i o n  between t h e  W p l a n e  and t h e  z p l a n e  we u s e  
o r  
Th.us by an i n t e g r a t i o n  of [I31 a long  5 a x i s  we o b t a i n  
c 131 
HYDRONAUTIC S, I n c  orp  o ra  t ed 
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L 
From h e r e  -de n h t o l n  u,,,I,, t h e  p o i n t s  on t h e  x a x i s  cor responding  to 
a on S a x i s .  
i 
F o r  t h e  f o i l  and c a v i t y  shapes,  we have 
0 
with  t h e  c o o r d i n a t i o n  wi th  C141, having < a s  a pa rame te r .  
I: 151 
When we assume k = 0, or t he  c a s e  of shock f r e e  e n t r y  t h e  
drag  c o e f f i c i e n t  can be  obtained from 
where c i s  t h e  chord l e n g t h  
x2 ( -ao, 0) + y” ( -ao, 0) 
, HY DKO N AU'I'I (3; S, in c o r  p Gra t ed 
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The s o l i d i t y  i s  
- C = -  1 x2 ( -a  , 0) + y2 ( -ao, 0) 
d 2 ~ r  0 
The l i f t  c o e f f i c i e n t  i s  
181 
When w e  c o n s i d e r  t h e  t o t a l  f o r c e  F normal t o  t h e  chord c t h e  
normal f o r c e  c o e f f i c i e n t  w i l l  be 
n 
Thus, C w i l l  b e  known wi th  a g iven  c a v i t a t i o n  number B, t h e  
p r e s s u r e  on t h e  f o i l ,  and t h e  s o l i d i t y .  
N 
The c o n t r i b u t i o n  from t h e  l ead ing  edge s i n g u l a r i t y  can b e  
o b t a i n e d  through t h e  B l a s i u s  theorem ( s e e  Y i m  ( 1 9 6 7 ) ) .  
REMARKS FOR THE NONLINEAR PROBLEM 
For  t h e  numer ica l  computation, w e  must c a l c u l a t e  t h e  d r a g  
c o e f f i c i e n t  of t h e  cascade  w i t h  a g i v e n  s e t  of pa rame te r s :  a 
s t a g g e r  a n g l e  y, a speed on t h e  f o i l  a c a v i t a t i o n  number o 
and t h e  s o l i d i t y  c/d. However, f i r s t  we may g i v e  y, 1 
a and a l ,  and s o l v e  t h e  f o u r  s imul taneous  equa t ions ,  [ lo], 
[ l l - a ] ,  [ i l - b ]  and [12 ]  f o r  B, qm, O m  and a 3 .  
0' 
( o r  CN), 0 
0 
Now i f  we i n s e r t  
HYDRONAUTICS, i n c  o r p o r a t  ed 
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L 1 -  brlcDe -- r 7 . 7  vuLM,,s 11, D 
t h e  d rag  c o e f f i c i e n t  from [161, and t h e  l e n g t h  o f  c a v i t y  whose 
upper  p a r t  may be  d i f f e r e n t  i n  l eng th  from t h e  lower p a r t .  I f  
we want t h e s e  t o  be equal ,  we may have to s o l v e  a s e t  o f  s imul-  
taneous  equa t ions  which i n c l u d e  an i n t e g r a l  equa t ion  
i n t o  1141 and L151 we w i l l  have a s o l i d i t y  from c171, 
a s s o c i a t e d  wi th  6.141. 
q u i r e  a numer ica l  scheme. 
The i n t e g r a t i o n  of  c14I and [l5] may r e -  
L 
1 
It i s  easy t o  s e e  t h a t  8 has l o g a r i t h m i c  s i n g u l a r i t i e s  a t  
t h e  end of t h e  c a v i t y  whose s t r e n g t h s  ( c o e f f i c i e n t s )  a r e  d i f -  
f e r e n t  depending on whether we approach from t h e  c a v i t y  o r  from 
t h e  wake. I f  a4 = a t h i s  same s i t u a t i o n  w i l l  t a k e  p l a c e  a t  t h e  
t r a i l i n g  edge of t h e  f o i l .  The speed has  only  a d i s c o n t i n u i t y  
t h e r e .  T h u s  if a4 = a t h e  Kutta  c o n d i t i o n  i s  n o t  s a t i s f i e d  a t  
t h e  t r a i l i n g  edge.  However, i t  does no t  seem t o  a f f e c t  t h e  f low 
too much. 
0 
0 
A d i f f i c u l t y  of a g e n e r a l  n o n l i n e a r  t heo ry  f o r  a culaved 
f o i l  w i th  a f i n i t e  c a v i t y  l i e s  i n  t h e  f a c t  t h a t  t h e  boundary 
c o n d i t i o n  f o r  t h e  f o i l  i n  t h e  W p l a n e  i s  g iven  a s  a f u n c t i o n  of  
z r a t h e r  t h a n  of W, which leads  only  to an  i n t e g r a l  e q u a t i o n ,  
Thus i t  i s  n o t  a surplaise t h a t  t h e  c o n s t a n t  p r e s s u r e  cambered 
f o i l  h a s  a s  easy a n o n l i n e a r  s o l u t i o n  a s  t h a t  o f  t h e  c o n s t a n t  
s l o p e  f l a t  p l a t e  f o i l .  The f o r m e r  c a s e  g i v e s  t h e  r e a l  p a r t  of 
Q, t h e  l a t t e r  c a s e  g i v e s  t h e  imaginary p a r t  of  Q, bo th  c o n s t a n t s  
HYDRONAUTICS, Inco rpora t ed  
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on t h e  f o i l .  B s t h  problems can be t r e a t e d  a s  a s imple  Rieman 
H i l b e r t  problem ( s e e  Muskhe l i shv i l i ,  1953) i n  t h e  W p l a n e .  
FIRST AND SECOND ORDER PROBLEM 
When we expand Q i n  small  parameters ,  t h e  a n g l e  of a t t a c k  a 
and t h e  c a v i t a t i o n  number a s  i n  t h e  method adopted by T u l i n  (1964), 
and Q, q ,  u and v a r e  nondimensionalized wi th  r e s p e c t  to t h e  
speed U at x = -m, and cp and $ a r e  t h e  q u a n t i t i e s  a l r e a d y  d iv ided  
by u, 
. 
log q = [aq, + a2q2 + ----I 
I + [aqa  + c?qb + ----I 
+ h e  + d ' e  + ----I a b 
+ ---- 
I + a 2 q I I  or l og  q = aq 
e = ae + a2e + ---- 
I I1 
where 
I: 191 
[: 201 
I: 211 
HYDRONAUTIC S, Lnc o r p o r a t  e d  
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Q I  = 81 + (o/cx)6, 
O I I  = 82 + (o/cx)2Qe, 
v = ae + 2 ( e  + e r g I )  + o ( 4 "  I I1 
Cp = x + a qI d x  + 0 ( a 2 )  
0 i" 
BI(y ,x )  d x  + O ( a 2 )  
- w  
"/2) + o ( 2  ) 2 q = l + c x q  1 + a (qr1 + q1 
r. 221 
c 231 
c 241 
I: 261 
Thus, i n  t h e  f i r s t  o r d e r  o f  our  problem c p ,  9, l og  q and 8 
can  b e  r e p l a c e d  by x, y ,  u -1  = ul, and v r e s p e c t i v e l y .  The 
l i n e a r  boundary c o n d i t i o n s  and t h e  s o l u t i o n  i s  e x a c t l y  t h e  same 
whether  t h e  problem i s  o r i g i n a l l y  s t a r t e d  from t h e  loga r i thm 
o f  t h e  complex v e l o c i t y  Q on t h e  complex p o t e n t i a l  ( W )  p l a n e  a s  
i n  t h e  n o n l i n e a r  fo rmula t ion  o r  from t h e  complex v e l o c i t y  w on 
t h e  p h y s i c a l  ( 2 )  p l a n e .  However, t h e  second o r d e r  problem formu 
l a t e d  i n  t h e  W p l a n e  and t h a t  i n  t h e  z p l a n e  a r e  q u i t e  d i f f e r -  
e n t  i n  t h e i r  form. The developments such a s  L191 - [281 p r e f e r  
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t h e  f a r m u l a t i o n  of t h e  second o rde r  problem i n  t h e  W p l a n e  f i r s t  
a s  shown i n  t h e  n o n l i n e a r  problem. Then q GIII' B I '  B I I  . . . .  
w i l l  be  g i v e n  a s  f u n c t i o n s  of W = cp + i$, which a r e  i n  g e n e r a l  
n e a t  and easy to o b t a i n  if t h e  boundary c o n d i t i o n s  a r e  g i v e n  a s  
f u n c t i o n s  of W too. For t h e  convers ion  of t h e  independent  
v a r i a b l e s  cp, $ t o  z = x + i y ,  e s p e c i a l l y  on $ = 0, we use  t h e  
i n t e g r a t i o n  of  Equat ion [131 on $ = 0, and s u b s t i t u t e  c231, [24] 
and 6:281, 
0 0 
The boundary c o n d i t i o n s  f o r  t h e  c a s e  of a zonstaf i t  p r e s s u r e  
camber f o i l  a r e  a s  f o l l o w s :  On t h e  f o i l ,  from L281 
I 
J 
HYDRONAUTICS, Inco rpora t ed  
-15- 
S i m i l a r l y  on t n e  cav i t j -  
The v a l u e  of  q and q a t  x = Q, a r e  n o t  z e r o  i n  cascades  d e -  
pending on t h e  mass c o n t i n u i t y ,  and t h e  c o n d i t i o n  a t  x = --. On 
t h e  wake, t h e  p r e s s u r e  i s  assumed t o  be  t h e  same a s  t h a t  a t  x = 
( T u l i n  1964) o r  
I I1 
c 
e3oc1 I 
where q1 ana q2 can b e  determined l a t e r .  
'From c231, [263 and [lo] 
.I 
c o t  y + q,, c o t  y 1 - cot2 y O I I  - - qm12 (1 + 2 
The f i r s t  o r d e r  s o l u t i o n  for t h i s  problem i s  g i v e n  by  
Y i m  (1967). We w r i t e  down t h e  s o l u t i o n  h e r e  
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- i qwl c o t  y e 3.31 
where 
1 + qwl = q ( x  = 0 0 )  C O S  e + o ( 2 )  e 341 c 
and t h e  s u p e r s c r i p t  (1) deno tes  t h e  f i r s t  o r d e r  q u a n t i t i e s .  
v 
= 1  I: 351 
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i v l  
c 
The second o r d e r  s o l u t i o n  can b e  ob ta ined  i n  a s i m i l a r  way 
as f o r  t h e  f i r s t  o r d e r  s o l u t i o n .  From t h e  boundary c o n d i t i o n s  
on 6 = 0, C3Oa1, C3Ob1, [ ~ O C ] ,  [31] and i321 ,  we o b t a i n  
aqI + a 2 qII + i(ae + UseII) Q(2)(C ) = I 
. 
where qm = aq, + a2 q2 - a2 q," /2. 
The second o r d e r  l i f t  c o e f f i c i e n t  i s  
e 391 
A s u p e r s c r i p t  ( 2 )  r e p r e s e n t s  t h e  q u a n t i t y  c o r r e c t  up t o  t h e  second 
o r d e r  . 
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Here we c a n m t  dea .1  w i th  s i m p l i f i e d  pa rame te r s  a s  i n  t,he 
c a s e  of t h e  first o r d e r  s o l u t i o n  where a l l  t h e  p h y s i c a l  q u a n t i -  
t i e s  a r e  d iv ided  by C b u t  C should be  g i v e n  i n  a d d i t i o n  t o  L’ L 
and al which a r e  r e l a t e d  to t h e  s o l i d i t y  and t h e  c a v i t y  
l e n g t h  through c61 and [:291, namely 
Hence, t h e  s o l i d i t y  i s  
- 
The c a v i t y  l e n g t h  i s  
&(2) = x(5  = a l , q  = 0) = c p ( a , , ~ )  
I: 411 
or from C391 
from which a3 w i l l  b e  determined.  
a t  x = -05. Equat ions  [11] and [381 may be combined t o  g i v e  
HYDRONAUTICS, I n c  orp o r a t  ed 
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C' 
Thus we have two s imul taneous  equa t ions ;  t h e  p e a l  and t h e  
imaginary p a r t s  of  e421, frorn which we can o b t a i n  qco and CT - 7 
f o r  a g i v e n  s e t  of y, CL, ao,  and al w i th  a3 from c421. 
2 
c 
I n  t h e  r e s u l t s  of  t h e  f i r s t  o r d e r ,  we n o t i c e  t h a t  IS and qm 
a r e  much s m a l l e r  t h a n  C f o r  &/c > 1.25, e s p e c i a l l y  i n  t h e  c a s e s  
of l a r g e  s t a g g e r  a n g l e s  or high s o l i d i t i e s  where the n o n l i n e a r  
e f f e c t  i s  l a r g e .  I n  a d d i t i o n ,  t h e  i n f l u e n c e  due to t h e  d i f f e r -  
ence i n  a3 between t h e  t h e o r i e s  of t h e  f i r s t  o r d e r  and t h e  second 
o r d e r  does  n o t  seem to a f f e c t  p h y s i c a l  q u a n t i t i e s  such a s  l i f t  
and d r a g  c o e f f i c i e n t s  too much, s i n c e  even complete n e g l e c t  o f  
t h i s  f a c t  i n  t h e  theo ry  of an i s o l a t e d  s u p e r c a v i t a t i n g  f o i l  
lea-cls to good agreement i n  t h e  l i f t  c o e f f i c i e n t s  no t  on ly  w i t h  
t h e  c a s e  of  t h e  o t h e r  model b u t  a l s o  wi th  t h e  experiments  
(Hsu  1966) .  
L 
From [I61 and c241 t h e  drag c o e f f i c i e n t  c o r r e c t  up t o  t ,he  
second o r d e r  i s  
0 
T h i s  can  be  computed by a numerical  i n t e g r a t i o n  a s  i n  t h e  f i r s t  
o r d e r  t h e o r y .  
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Thus, f o r  a g i v e n  s e t  of' d a t a  y, CL' a and al we can ob- 
0 -' 
t a i n  t h e  s o l i d i t y ,  t h e  c a v i t y  l eng th ,  t h e  pa rame te r  a3 fyom Equa-  
t i o n s  e403,  L411, C4.21 and [:GI. 
G441. 
Then we f i n d  qco and o - ~ ? / 2  from 
from G451. Tne 
D Using t h e s e  r e s u l t s  we can o b t a i n  C 
p r o c e s s  of c a l c u l a t i o n  i s  e x a c t l y  t h e  same a s  i n  t h e  c a s e  of t h e  
f i r s t  o r d e r  t heo ry  ( Y i m  1967).  Thus we can w r i t e  
Hence from C4Ol and G451 
The f i r s t  oyder drag  i s  r ep resen ted  ( Y i m  1967) i n  t h e  
form of 
c 471 
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(1) 2 'T,-,=C,,C v~~~~~ cr/C a r e  g i v e n  for d i f f e r e n t .  
D ' c/L L and many c u r v e s  of  C 
s o l i d i t i e s  c/d and s t a g g e r  a n g l e s  y .  S ince  
3 cL 2 la + -  2 CL"  I C  - L- 2 
> 
C - 
d > 
Equat ion  L451 can b e  r e w r i t t e n  a s  
I* \ " !  a" 
2cL 
J 
C - 
d J 
e 493 
Once w e  have t h e  r e s u l t  o f  the f i r s t  o r d e r  t heo ry ,  Equat ion L491 
f u r n i s h e s  a n  easy e s t i m a t i o n  of a second o r d e r  c o r r e c t i o n .  A s  an 
example, t h e  c a s e  of y = 60 i s  shown i n  F i g u r e  2.  0 
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DISCUSSIOnT OF RES’U’LTS A N D  THE APPLICATION I N  THE 
SECOND ORDER CORRECTION OF FLOW FOR A 
SUPERCAVITATING CASCADE OF FLAT PLATE FOILS 
I The s o l u t i o n s  f o r  t h e  f l o w  due t o  a s u p e r c a v i t a t i n g  cascade  
I 
of f l a t  p l a t e  f o i l s  a r e  known both f o r  t h e  n o n l i n e a r  t h e o r y  
I 
I (Betz  and P e t e r s o n  (1932)) i n  t h e  c a s e  of i n f i n i t e  c a v i t i e s :  and 
f o r  l i n e a r  t h e o r y  (Cohen and Suther land  (1958)) .  For  t h e  l i n e a r  
t heo ry ,  t h e  s o l u t i o n  can be w r i t t e n  
where M r e p r e s e n t s  t h e  a n g l e  of a t t a c k .  A s  expla ined  i n  t h e  
p r e v i o u s  s e c t i o n ,  i f  we n e g l e c t  gal 
Equat ion  c321, t h e  second o r d e r  s o l u t i o n  would b e  
term i n  t h e  c o n d i t i o n  x = a 
! -  
The l i f t  c o e f f i c i e n t  cari be  w r i t t e n  
C 
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k ’  I - 
, -  
where t h e  s i m p l i c i t y  a r i s e s  because of t h e  c a E c e l l a t i c n  of cads, “ a  . 
A 
Ir! f a c t ,  i n  t h e  c a s e  of  t h e  i s o l a t e d  s u p e r c a v i t a t k g  r :ydrofoiI ,  
TuLin (1964) developed a second o r d e r  t hco ry  l i k e  : ~ i h .  a rd  
HSL (1966) v e r i f i e d  t h a t  i t  was a good a p p r o x i n a t i o c  for.  a pori- 
l i n E a r  t h e o r y  and t h e  exper imenta l  r e s u l t s ”  - a ~ l r ,  5ke s l o p e  f y m  
figw-es in t h e  paper  by Conen and Su the r l and  (1958) ar;d cls i rg  
the  r e s u l t s  o f  t rLe paper  b y  Acosta (1960), a .;?-cond Grder C O P -  
r e e t i o r L  u t i l i z i n g  Eqkation [521 i s  made i n  F i g u r e  3 ,  
term for o Q r  p r a c t i c a l  t o  j u s t i f y  The neg l igence  of t h e  qml 
S E C G p d  o r d e r  c o r r e e z i o n .  For t h e  c a s e  of sma l l  CJ i t l e  secorLd 
term In c52] mainly c o n t r i b u t e s  t o  t h e  second o r d e r  a s  ir t-ht  
T k % i s  see.; ,  
a 
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J 
I -  
c a s e  of  an  i s o l a t e d  f o i l  (Hsu 1966).  
e i t h e r  t h e  s o l i d i t y  or t h e  s t a g g e r  a n g l e  i s  l a r g e ,  t h e  l a r g e  
s l o p e  of C cu rve  v e r s u s  0 ,  or t h e  f i r s t  term c o n t r i b u t e s  a 
g r e a t  d e a l  to t h e  second o r d e r  c o r r e c t i o n .  
When CT I s  f a i r l y  l a r g e  and 
L 
I n  g e n e r a l  t h e  f i r s t  o r d e r  problem i s  much s i m p l e r  and 
s e r v e s  to unders tand  t h e  p h y s i c a l  behav io r  and t h e  dependence on. 
pa rame te r s .  I n  f a c t ,  t h e  two-dimensional approximation,  t h e  
n e g l e c t  of v i s c o s i t y  or t h e  approximated mathemat ica l  model may 
a l r e a d y  i n v o l v e  too s e v e r e  approximat ions .  However, i t  should 
be admi t t ed  t h a t  no t  on ly  i s  i t  mathemat ica l ly  i n t e r e s t i n g ,  b u t  
t h a t  a l s o  our p h y s i c a l  unders tanding  becomes c l e a r e r  when we 
p o s s e s s  t h e  n o n l i n e a r  o r  t h e  second o r d e r  s o l u t i o n .  Bes ides ,  i f  
t h e  second o r d e r  c o r r e c t i o n  I s  so  s imple a s  t491 or [521, t h e r e  
i s  no r e a s o n  why we should no t  u t i l i z e  it r e g u l a r l y  i n  t h e  d e -  
s i g n  o f  s u p e r c a v i t a t i n g  s t a g e s .  
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2 - RELATIONS BETWEEN DRAG COEFFICIENTS, LIFT COEFFICIENTS, 
AND CAVITATION NUMBERS OF SUPERCAVITATING CASCADES 
WITH A STAGGER ANGLE OF 60' 
FIGURE 3 - LIFT COEFFICIENT VS SOLIDITY FOR A FULLY CAVITATING FLAT 
PLATE CASCADE WITH Q =  6O, Y = 600 
